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In this paper, we consider the problem of the existence of a basis of orthogonal
vectors of norm 2k in the Leech lattice. Recently it has been shown that there is
such a basis for every k (2) which is not of the form 11r. In this paper, this
problem is completely settled by finding such a basis for k=11. This is established
by constructing an extremal Type II Z22 -code of length 24.  2001 Academic Press
1. INTRODUCTION
There has been recent interest in self-dual codes over finite rings, specifi-
cally the rings Z2k where Zm denotes the ring of integers modulo m. In
particular, self-dual codes over Z4 have been widely studied (cf., e.g., [8]
and the references therein). Such codes have applications to unimodular
lattices and nonlinear binary codes. In particular, by Construction A, some
Type II codes over Z4 give the Leech lattice which is arguably the most
remarkable lattice. This is one of the simplest constructions of the Leech
lattice (cf. [5, 8]). Type II codes over Z4 have been generalized to Type II
codes over Z2k in [1]. This gives rise to a natural question, namely, is there
an extremal Type II code over Z2k which gives the Leech lattice by
Construction A?
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Recently Chapman [3] has shown that there is a basis of orthogonal
vectors of norm 2k in the Leech lattice for every k (2) which is not of
the form 11r. In this paper, we consider the open case k=11, namely, a
basis of orthogonal vectors of norm 22 in the Leech lattice. The existence
of an orthogonal frame of norm 2k in the Leech lattice and of an extremal
Type II Z2k-code of length 24 are equivalent. Here we construct an
extremal Type II Z22 -code of length 24. Combined with the results in [3],
it is shown that there is an orthogonal frame of norm 2k in the Leech
lattice for every k2. Hence this problem is completely settled in this
paper. As a corollary, it is also shown that there is an extremal Type II
Z2k -code of length 24 for every k. In other words, the Leech lattice is
obtained from such a Type II code.
2. TYPE II CODES AND THE LEECH LATTICE
In this section, we recall some basic notions on self-dual codes over Z2k
and unimodular lattices. For undefined terms, we refer to [1], [5],
and [8].
A code C of length n over Z2k (or a Z2k -code of length n) is a Z2k-sub-
module of Zn2k where Z2k=[0, 1, 2, ..., 2k&1] is the ring of integers
modulo 2k. A generator matrix of C is a matrix whose rows generate C.
The Euclidean weight wtE (x) of a vector x=(x1 , x2 , ..., xn) over Z2k is
ni=1 min[x
2
i , (2k&x i)
2]. The minimum Euclidean weight dE of C is the
smallest Euclidean weight among all non-zero codewords of C. The dual
code C= of C is C==[x # Zn2k | x } y=0 for all y # C ] where x } y=x1y1+
} } } +xnyn for x=(x1 , ..., xn) and y=( y1 , ..., yn). C is called self-dual if
C=C=. Type II codes over Z2k were recently introduced in [1]. A Type II
code over Z2k is defined as a self-dual code with all codewords having
Euclidean weight divisible by 4k. The minimum Euclidean weight dE of a
Type II Z2k -code of length 24 satisfies dE8k (cf. [1]). A Type II code of
length 24 and dE=8k is called extremal.
Let 4 be an n-dimensional (Euclidean) lattice in Rn. The dual lattice 4*
of 4 is given by 4*=[x # Rn | (x, a) # Z for all a # 4] where (x, a) is the
standard inner product of x and a. The norm of x is defined as (x, x). 4
is integral if 44*. An integral lattice 4 with 4=4* is called unimodular.
A lattice with even norms is said to be even. There is an n-dimensional even
unimodular lattice if and only if n#0 (mod 8). The minimum norm of 4
is the smallest norm among all nonzero vectors of 4. There is a unique
24-dimensional even unimodular lattice with minimum norm 4 [4] and it
is called the Leech lattice. We say that a basis of orthogonal vectors of
norm m is an orthogonal frame of norm m in 4.
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3. AN EXTREMAL TYPE II CODE OVER Z22
In this paper, we consider a generalized ‘‘Construction A’’ to construct
even unimodular lattices from Type II codes. Construction A was first
defined for binary codes [5, Chapter 7] (see also [1] for the case of
Z2k -codes).
Proposition 1 (Construction A). If C is a Type II Z2k -code with mini-
mum Euclidean weight dE then
A2k (C)=
1
- 2k
[(x1 , ..., xn) # Zn | (x1 (mod 2k), ..., xn (mod 2k)) # C],
is an even unimodular lattice with minimum norm min[dE 2k, 2k].
Many good codes have been obtained via the quasi-twisted construction
[7, 6]. Using this construction, we have found a Z22-code C22 of length 24
which has generator matrix (I, A) where
A=\
13 21 3 12 19 15 3 1 1 1 1 1
+ .
21 13 21 3 12 19 15 3 1 1 1 1
21 21 13 21 3 12 19 15 3 1 1 1
21 21 21 13 21 3 12 19 15 3 1 1
21 21 21 21 13 21 3 12 19 15 3 1
21 21 21 21 21 13 21 3 12 19 15 3
19 21 21 21 21 21 13 21 3 12 19 15
7 19 21 21 21 21 21 13 21 3 12 19
3 7 19 21 21 21 21 21 13 21 3 12
10 3 7 19 21 21 21 21 21 13 21 3
19 10 3 7 19 21 21 21 21 21 13 21
1 19 10 3 7 19 21 21 21 21 21 13
It is easy to see that C22 is self-dual. Since the Euclidean weights of the
rows in the generator matrix are divisible by 44, C22 is Type II. By
Construction A, the lattice A22(C22) is an even unimodular lattice.
Moreover we have verified by Magma (see [2]) that A22(C22) has mini-
mum norm 4. Thus A22(C22) is the Leech lattice. In addition, C22 is an
extremal Type II Z22 -code of length 24.
The code C22 gives an orthogonal frame of norm 22 in the Leech lattice
by considering Construction A. By Lemma 5.1 in [3], the above frame
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yields an orthogonal frame of norm 22m for every m. Combined with
Corollary 5.3 in [3], we have the following:
Theorem 2. There is an orthogonal frame of norm 2k in the Leech
lattice for every k2.
Since the existences of an orthogonal frame of norm 2k in the Leech
lattice and an extremal Type II Z2k -code of length 24 are equivalent [3],
we have the following:
Corollary 3. There is an extremal Type II Z2k-code of length 24 for
every k.
In other words, the Leech lattice is constructed using some Type II code
over Z2k by Construction A for every k2.
Finally we investigate the binary code and the F11 -code related to C22
defined as
C (2)22 =[x (mod 2) | x # C22] and C
(11)
22 =[x (mod 11) | x # C22],
respectively. C (2)22 is a binary doubly-even self-dual code with generator
matrix (I, A (mod 2)) and C (11)22 is a self-dual code over F11 with generator
matrix (I, A (mod 11)). Since the number of codewords of weight 4 is 66,
C (2)22 is the binary doubly even self-dual [24, 12, 4] code with component
d24 . C (11)22 is a self-dual [24, 12, 8] code over F11 . We have verified the mini-
mum Euclidean weights of a large number of codes constructed using the
nine binary doubly-even self-dual codes and some self-dual codes over F11 .
However C22 is the only extremal code obtained from these constructions.
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